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The dynamics of impurity atoms introduced into bosonic gases in an optical lattice have generated
a lot of recent interest, both in theory and experiment. We investigate to what extent measurements
on either the impurity species or the majority species in these systems are affected by their inter-
species entanglement. This arises naturally in the dynamics and plays an important role when we
measure only one species. We explore the corresponding effects in strongly interacting regimes, us-
ing a combination of few-particle analytical calculations and Density Matrix Renormalisation group
methods in one dimension. We identify how the resulting effects on impurities can be used to probe
the many-body states of the majority species, and separately ask how to enter regimes where this
entanglement is small, so that the impurities can be used as probes that do not significantly af-
fect the majority species. The results are accessible in current experiments, and provide important
considerations for the measurement of complex systems with using few probe atoms.

I. INTRODUCTION

The rich physics of impurity atoms introduced in to
Bose gases has generated a lot of interest over the past
few decades [1–3]. The resulting physics ranges from the
realisation of models of open quantum systems [4–8] and
mediated interactions [3] to impurity dynamics [9, 10]
and broader polaronic effects [11–15], where the impu-
rity can be described as a collective object when com-
bined with the localised excitations it generated in the
Bose gas, increasing its effective mass [2, 16, 17]. There
has been a lot of recent theoretical work on these systems,
applying new variational and field theory techniques to
the problem across a variety of parameter regimes [18–
30]. There has also been extensive experimental progress
in observing polarons in Bose gases [9, 31–36], also in a
strongly interacting regime [37]. The system we will in-
vestigate here relates specifically to impurities introduced
into a Bose gas loaded into the lowest Bloch band of an
optical lattice [38–40], which has also been realised in ex-
periments [33, 41, 42], and recently discussed as an im-
portant example to characterise the probing of strongly
correlated systems with impurity atoms [43].

We will particularly be interested in asking about the
role of entanglement between the impurity atoms and
the majority species. Entanglement in many-body sys-
tems [44, 45] has itself generated a lot of interest in recent
years, especially because of the information that can be
extracted from entanglement in spatial modes, which can
be used to help understand a variety of phenomena, e.g.,
to identify topological phases [46–49] or understand the
growth of local entropy during thermalisation [50, 51].
Such entanglement in space has also been measured in
experiments with cold atoms in optical lattices [52–54].
For multicomponent gases, the interplay between correla-
tion and entanglement effects has been explored in both
the Bose-Hubbard and the Hubbard model [55–57]. Re-
cently, inter-species entanglement of the form we discuss
here has been used to characterise the shift of the phase
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FIG. 1. Schematic depiction of the effects of entanglement be-
tween two interacting species (red and blue) on a lattice, when
we effectively trace over the red species in a measurement of
the blue species. (a) In the case with no interspecies inter-
action (here N = 4 non-interacting particles of each species),
when we trace out the red species, the state of the remaining
species remains a pure state, corresponding to a coherent su-
perposition of all configurations of the particles delocalised on
the lattice. (b) In contrast, starting from a state of delocalised
red-blue dimers, when we trace out the red species, the blue
species is left in a mixed state of all possible arrangements of
the particles on the lattice.

transition points in the two-component Bose Hubbard
model due to interspecies interactions [58].

Interspecies entanglement could be a particularly use-
ful tool to study situations where two species are en-
tangled and we begin to make measurements on one of
the two species, expecting to observe coherent phenom-
ena. For example, when momentum distributions of im-
purity atoms are measured in some two-species experi-
ments [32, 33] there is a notable decrease in the visibility
of peaks in these momentum distributions, beyond what
might be expected from an increase in the effective mass
of the impurities due to the formation of a polaron. Un-
der appropriate circumstances, there can be a significant
contribution to such a decrease in visibility due to the
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additional contributions from the interspecies entangle-
ment. Especially when the ratio of particle numbers or
system sizes between the majority species and the impu-
rity atoms is not especially large, this entanglement can
generates significant additional mixedness of the reduced
state of a single species, which can play a role in this
visibility.

As an example, in Fig. 1 we depict a two-component
mixture in a lattice. In Fig. 1a, the two species are in
a product state with no entanglement, as might be ex-
pected to occur in the ground state of a mixture with no
interspecies interaction. If we trace over one species and
ask what the reduced density operator is that describes
the second species alone, we find it represents a pure
state, with the atoms still delocalised, and with their mo-
mentum peaked at p = 0. However, in Fig. 1b, we have
an initial state of perfectly correlated dimers between
the two species, with dimer momentum peaked at p = 0.
This represents an entangled state of the two species, and
when we now trace over one species, the reduced density
operator for the other species contains a mixture of all
possible configurations, with a completely flat momen-
tum distribution. Using numerical and analytical meth-
ods, we analyse this behaviour for different parameter
regimes of both impurity and majority species particles.
We find complex behaviour that exhibits particular sig-
natures associated with the quantum phase diagram of
the Bose-Hubbard model for the majority species. In
this sense, understanding the impurity-majority species
entanglement can be useful as an alternative route to
probe the complex many-body behaviour, either by ob-
serving the impurity atoms, or by observing their effect
on the state of the majority atoms. At the same time,
if the impurity atoms are being used as a probe in the
sense of Refs. [8, 43], it may be important to minimise
direct entanglement between the species, and we anal-
yse requirements in simple example cases to achieve this
regime.

The article is organised as follows: In Sec. II we intro-
duce the model and numerical methods we use to analyse
the system. We then analyse the entanglement and mo-
mentum distributions for two particles on a lattice, one
of each species, as a starting point for further investiga-
tions. In Sec IV we present results for systems of multiple
atoms on the lattice, and analyse the behaviour in param-
eter regimes corresponding to different quantum phases
of the majority species. In Sec V we then ask under
which circumstances a single atom will become disentan-
gled from the system to which it is coupled, and to this
end we investigate cases where the impurity atoms and
the majority species have different tunnelling rates in the
lattice, and where the impurity atoms are confined to a
fraction of the full length of the system. We then provide
a conclusion and outlook in Sec VI.

II. MODEL

We consider an ensemble of bosonic atoms loaded into
the lowest band of an optical lattice. We denote the ma-
jority species as species 1, with N1 atoms, and the impu-
rity species as 2, with N2 ≤ N1 atoms. For sufficiently
low temperatures and where interactions are smaller than
the energy separation between Bloch bands, this situa-
tion is generally well described by a multi-species Bose-
Hubbard model (~ ≡ 1) [31],

HBH =−
∑

〈l,j〉,σ
Jσb
†
σ,lbσ,j +

∑

l,σ

Uσ
2
nσ,l(nσ,l − 1)

+
∑

l

U12n1,ln2,l , (1)

where b†σ,i (bσ,l) and nσ,l are the creation(annihilation)

operator and number operator for species σ ∈ {1, 2} on
the l-th lattice site. Each species has nearest-neighbour
tunnelling rate Jσ and intra-species onsite interaction Uσ.
The on-site inter-species interaction energy shift is then
denoted U12. We will generally take J1 = J2 ≡ J unless
otherwise specified, and we usually take the same 1D
lattice length M . In Sec. V we will consider the impurity
particles to be confined to a lattice length M2 ≤M , and
denote M1 as the full length for the majority species.

Throughout this work we will mainly restrict our cal-
culations to one dimension, in order to simplify the com-
putations. But the basic principles we discuss here and
the qualitative behaviour of the entanglement in differ-
ent parameter regimes is expected to transfer directly to
higher dimensions.

In what follows, we will use analytical methods to ob-
tain exact results for a few atoms, and exact diagonalisa-
tion methods for small lattice sizes, especially to obtain
values for the von Neumann entropy of entanglement. If
we compute the reduced density matrix ρσ for either of
the two species,

ρσ = Trσ{|Ψ〉〈Ψ|}, (2)

where |Ψ〉 denotes the state of the total system, and σ
here denotes the opposite species to σ, then the von Neu-
mann entropy of entanglement can be computed as

SvN = −Tr{ρσlog2ρσ}. (3)

Note that if the total state of the system is pure, then SvN

is independent of the choice of σ. The entropy of the re-
duced density matrix for one species in this case entirely
represents the entanglement between the two species. If
SvN = 0 the reduced density matrix is a pure state. This
occurs when the entanglement is zero, and the total state
is a product state of the two species.

As a guide to larger system behaviour, we employ
mean-field methods based on the bosonic Gutzwiller
ansatz [59], where the ground state of the two species
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Bose-Hubbard Hamiltonian in (1) on an M -site chain is
written as,

|ψ〉 =

M∏

l=1

∑

n1,n2

f
(l)
n1,n2√
n1!n2!

(b†1,l)
n1(b†2,l)

n2 |vac〉 . (4)

Here f
(l)
n1,n2 is the amplitude associated with different

number states for each particle on the l-th site.
To provide additional information on the many-body

physics beyond this, we employ density matrix renor-
malisation group (DMRG) methods based around matrix
product states [60, 61] to determine the ground state. In
each case, we ensure that the results are properly con-
verged in the bond dimension of the matrix product state,
D.

III. TWO PARTICLES ON A 1D LATTICE

We can obtain an intuition for the behaviour we expect
by considering the entanglement of two distinguishable
particles in an optical lattice. Using an exact solution for
the ground state of Eq. (1) [62–64], we can quantify how
the entanglement and momentum distribution for each
particle change as a function of the interaction strength
between the bosons.

As a useful starting point, we consider the limiting
cases. Because the ground state of a single particle on
the lattice is a state with quasi-momentum p = 0, for two
particles the non-interacting ground state when U12 = 0
is given by

|Ψprod〉 =
1

M

(∑

l

b†1,l

)(∑

l′

b†2,l′

)
|vac〉. (5)

When we compute the reduced density matrix, we then
obtain

ρ1 = Tr2 {|Ψprod〉〈Ψprod|}

=
1

M

(∑

l

b†1,l

)
|vac〉〈vac|

(∑

l′

b1,l′

)
, (6)

which is a pure state, for which the resulting quasi-
momentum distribution n(p) is peaked at p = 0. How-
ever, if the particles are interacting such that |U12| � J ,
then for attractive interaction, we obtain instead

|Ψent〉 =
1√
M

∑

l

b†1,lb
†
2,l|vac〉. (7)

If we now compute the reduced density matrix, we then
obtain

ρ1 =
1

M

∑

l

(
b†1,l|vac〉〈vac|b1,l

)
, (8)

which is a mixed state with SvN = log2M . This mixed
state with particles localised on each site arises in a sense
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FIG. 1. Ground state for two bosons (similar but distinguish-
able) on an 1D lattice which is a 101 site chain with periodic
boundary conditions. (a) The pair wavefunction  (r) for at-
tractive interaction where r is the inter-particle separation.
Here we plot the two cases where the interaction U = �3J
and U = �30J . The solid lines show the analytical results
based on Eq.(3) and the red squares and black triangles show
the calculations using exact diagonalisation. (b) The momen-
tum distributions for U = �3J and U = �30J , based on
Eq.(4). Here again the solid lines show the analytical results
and the red squares and black triangles show the calculations
using exact diagonalisation. (c) The single particle von Neu-
mann entropy SvN, which is a measure of entanglement as a
function of interaction. (d) The single particle visibility V1,
which is the height of the momentum distribution peak, as a
function of interaction. For (c) and (d) the blue lines show
the analytical results and the red triangles show the exact
diagonalisation results.

and 2, in an optical lattice setup with nearest-neighbour
tunneling rates J1 and J2 respectively. The intra-species
onsite interaction strengths for species 1 and 2 are U1

and U2 respectively along with the presence of an inter-
species interaction energy (onsite) U12. Concentrating on
the lowest Bloch band in the optical lattice potential we
write down the two-species Bose-Hubbard Hamiltonian,

HBH =
X

�=1,2

✓
�
X

<i,j>

J�b†
�,ib�,j +

X

i

U�

2
n�,i(n�,i � 1)

◆

+
X

i

U12n1,in2,i , (5)

where b†
�,i (b�,i) and n�,i are the creation(annihilation)

operator and number operator for species � (� = 1, 2) on
the i-th site of a chain of total M sites.

For our treatment of such a system we look at a num-
ber imbalanced situation where species 1 is at unity filling
i.e. number of species 1 bosons, N1 = M and the species
2 is at quarter filling (unless otherwise stated) i.e. num-
ber of species 2 bosons, N2 = M/4 so that it can be a
representative of the impurity class whereas the species
2 particles stand for a reservoir class. The impurities

are taken to be heavier by choosing J1 = J = 10J2 and
all the other energy scales are measured in units of J .
Now the ground state of such a system can be found us-
ing exact diagonalization but only for a very small size
(upto M ⇡ 6). For bigger systems we use the well estab-
lished numerical technique of density matrix renormal-
ization group (DMRG) method [34–38]. Before giving
an account of that we take a look at a relatively simple
numerical technique which is the mean field treatment
using the Gutzwiller ansatz [39].

A. Mean field treatment

Using Gutzwiller ansatz we approximate the ground
state of the two species Bose-Hubbard Hamiltonain in
(5) on a M -site chain as,

| i =

MY

i=1

|�ii , (6)

where |�ii, localised at i-th site, takes the form of a su-
perposition of number states:

|�ii =
X

n1=0...N1,n2=0...N2

f (i)
n1,n2

|n1, n2i . (7)

Here f
(i)
n1,n2 is the amplitude associated with the i-th site

having n1 and n2 number of species 1 and 2 bosons re-
spectively. Imposing a normalization condition on each

|�ii we can write
P

n1,n2
|f (i)

n1,n2 |2 = 1. Further, H in (5)
is replaced by a mean-field Hamiltonian HMF which is
just a sum of local operators:

HMF =
X

i

✓ X

�=1,2

✓
� J�

⇣
b†
�,i �,i + ⇤

�,jb�,j

⌘

+
U�

2
n�,i(n�,i � 1) � µ�n�,i

◆
+ U12n1,in2,i

◆
,

(8)

where the order parameter

 �,i =
X

j|i
h�j |b�,j |�ji

=
X

j|i

X

n1,n2

p
n�,jf

(j)⇤
(n�,n�0 )f

(j)
(n�+1,n�0 ) (9)

serves as the variational parameter. Here j|i denotes that
the sum is over j which is a neighbouring site to i and
� 6= �0. The fixed numbers of bosons of two di↵erent
species are taken into account by computing the correct
chemical potential values (µ�) for each. Thereafter the
ground state is determined through a self-consistent loop
initialized by the order parameters. The results of this
mean field treatment are reported along with the DMRG
results in the proceeding sub-section.

FIG. 2. Entanglement and momentum distribution visibility
for two distinguishable particles on a 1D lattice with periodic
boundary conditions. (a) The pair wavefunction ψ(r) for at-
tractive interaction where r is the inter-particle separation.
Here we plot the two cases where the interaction U = −3J
and U = −30J . (b) The corresponding momentum distribu-
tions for U = −3J and U = −30J . (c) The single particle von
Neumann entropy SvN, showing the entanglement between
the two particles as a function of interaction strength U12.
(d) The single particle visibility V1, defined as the height of
the momentum distribution peak, as a function of interaction
U12.

because the state of the second species contains informa-
tion on the locations of the state of the first species. The
resulting momentum distribution is completely flat, de-
spite the fact that the doublon momentum distribution
is peaked at p = 0.

To analyse the behaviour for arbitrary interaction
strengths we look at the general solution for the two-
particle wavefunction

|Ψ2〉 =
∑

x,y

ψ(x, y)b†1,xb
†
2,y|vac〉, (9)

with complex coefficients ψ(x, y). Taking periodic
boundary conditions, we can separate the centre of mass
R = (x + y)/2 and relative r = x − y coordinates, and
determine an analytical solution [62–64], for which we
provide more details in Appendix A.

We show the analytical calculation for this relative
wavefunction in Fig. 2(a). We see that the peak of the
bound pair solutions becomes sharper as the interaction
strength is increased. The single particle momentum dis-
tributions are shown for comparison in Fig. 2(b), and
show clearly the effect of interactions. As expected for
U < 0, with increasing interaction strength the two par-
ticles become more tightly bound and this leads to broad-
ening of the single-particle momentum distribution. This
lowering of the peak of the momentum distribution with
increasing interaction strength is the signature of the ef-
fect of the entanglement between the two particles, and
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in the rest of the article, we will use the height of the
momentum peak or visibility for each species σ, Vσ, as
an indicator of the change in momentum distributions.

In Fig. 2(c) we then look directly at the von Neu-
mann entropy of entanglement. For attractive interac-
tions (U12 < 0), the entanglement grows very sharply
as a consequence of the direct pairing of the particles in
position space that creates the bound state and reaches
the saturation value for small U12/J (which is log2M
as noted above). The entanglement in position space is
generated by repulsion (U12 > 0) between the particles,
which makes it energetically unfavourable for them to
be present on the same lattice site. This does not pro-
vide as strong entanglement as in the attractive case, but
still increased with increasing U12, towards an asymp-
totic value. The visibility of the momentum distribution
peak V1 is shown in Fig. 2(d) and directly mirrors the be-
haviour of the entanglement, falling very sharply on the
attractive side U12 < 0 as the particles become highly en-
tangled and the momentum distribution for a single par-
ticle tends rapidly to a flat distribution. On the repulsive
side (U12 > 0) also the slight drop of the visibility profile
followed by a steady value reflects the corresponding en-
tanglement of the particles. Below we will see analogous
behaviour in the many-body case, made somewhat more
complicated by the dynamics of interacting particles in
the majority species.

IV. MANY BODY PROBLEM ON A LATTICE

In this section, we now investigate the interspecies en-
tanglement in regimes where many-body dynamics play
a key role. We identify the corresponding effects of inter-
actions on the visibility of a p = 0 peak in the momentum
distribution, and use this to understand signatures of the
many-body phase diagram of the majority species in the
dynamics of the impurity atoms.

A. Effects on the majority species

For each of the cases in this section, we compute the
ground states of the Hamiltonian Eq. (1), which we
compute using ED, DMRG, and Gutzwiller mean-field
methods as discussed in Sec. II. As discussed above, we
use the height of the peak of the quasi-momentum dis-
tribution per particle, denoted by Vσ, for the species σ,
for visibility. Similarly the von Neumann entropy SvN

shows the effect of entanglement between the two species.
For the ED calculations (with periodic boundary condi-
tion) the lattice consists of 6 sites (M) and for the mean
field and DMRG calculations we have used M = 32 and
M = 16 respectively. In all cases the number-dominant
reservoir species is at unit filling (N1 = M) and the im-
purity species is at quarter filling (N2 = M/4), except
for M = 6 where we have taken N2 = M/3.
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FIG. 2. The von Neumann entropy between the two species,
SvN is shown in (a) extracted from ED calculations (with
periodic boundary condition) for M = 6, N1 = M, N2 = M/3
and U2 = 32J . The visibility V1 of the species 1 as a function
of inter-species interaction U12 for a lattice chain length M =
16 and M = 32 is shown in (b) and (d) respectively where
N1 = M, N2 = M/4 and U2 = 32J . (b) shows the results of
DMRG calculations with bond dimension D = 128 for a range
of U1 values depicted in the legend. In (d) we also show the
results in the same interaction parameter regimes carried out
using mean field calculations in a homogeneous lattice with
Gutzwiller ansatz for the same values of U1. We report the
visibility V2 of the species 2 in (c) for identical parameters,
computed with DMRG calculations.

B. Numerical simulation

The ground states of Eq. (5) computed using DMRG
method (except for the 6-site results which have been
computed with exact diagonalization) are compared in
this sub-section with those obtained using mean field
methods earlier based on Eq. (8). FIG. 2, 3 and 4 show
these comparisons. As discussed before, we use the height
of the peak of the quasi-momentum distribution per par-
ticle, denoted by V�, for the species �, for visibility. Sim-
ilarly the von Neumann entropy SvN shows the e↵ect of
entanglement between the two species. In the following
we present a short discussion on the interesting features
arising from the many-body ground states. For the ED
calculations (with periodic boundary condition) the lat-
tice consists of 6 sites (M) and for the mean field and
DMRG calculations we have used M = 32 and M = 16
respectively with bond dimension D = 128 in the later
case. In all cases the number-dominant reservoir species
is at unit filling (N1 = M) and the impurity species is at
quarter filling (N2 = M/4), except for M = 6 where we
have taken N2 = M/3.

In FIG. 2 we show the entanglement of the species 1
in terms of the von Neumann entropy SvN as a function
of inter-species interaction for the ED results in (a), the
visibility profiles from the DMRG calculations in (b) and

mean field calculations in (d). We notice increase in en-
tanglement and equivalently decrease in visibility as the
inter-species interaction U12 is changed from zero to fi-
nite values, as was seen in the previous section for the
system of two bosons on an optical lattice. A change in
U2 does not have significant e↵ect on the general entan-
glement or the visibility profiles, so we fix the value to be
U2 = 32J . We also report the visibility V2 of the species
2 in (c) for identical parameters, computed with DMRG
calculations.

When the species 1 particles are not interacting among
themselves (U1 = 0) they are in a perfect superfluid state
at U12 = 0 and we see a high visibility in this non entan-
gled state. When U12 is turned on the visibility starts to
decrease as entanglement grows between the two species.
For negative U12 this happens due to localizing e↵ect
imposed by species 2. For positive U12 the repulsion be-
tween the two species causes restriction in the complete
delocalization of the superfluid state and entanglement
goes up but at a slower rate than that on the attractive
U12 side. However the e↵ect of this imposed restriction
does not increase arbitrarily and we expect the visibility
reaching an asymptotic finite value for very large values
of U12.

On the repulsive side we first look at U1 = 2J where
the particles of species 1 are still largely delocalized at
U12 = 0 as they still are in the superfluid regime. The
finite U1 value however results in slight decrease of the
visibility as it creates some constraints on the complete
delocalization that is possible at U1 = 0 . As U12 is
turned on we see the similar behaviour for both the vis-
ibility and von Neumann entropy as was seen in the
U1 = 0 case but now a repulsive U12 induces further
constraints on the delocalization resulting in more de-
crease of visibility. An attractive U12 however competes
this delocalization process due to the presence of the sec-
ond species and the decrease in visibility is less than the
U1 = 0 case. The interplay between the di↵erent interac-
tion parameters give rise to a noticeable increase in the
value of von Neumann entropy which happens at around
U12 = �9J , as can be seen in FIG. 2(a) (green line).
This happens due to drastic changes in the nature of the
ground states. Around U12 = �10J it is energetically
favourable to have all the species 1 and species 2 par-
ticles at one single site. In FIG. 2(a), this can happen
in 6 possible ways as we look at a 6 site system with
periodic boundary condition. On the other side of the
peak-like structure, around U12 = �8J , it is energeti-
cally favourable to have the 2 of the species 2 particles
on adjacent sites, and this configuration can also achieved
in 6 di↵erent ways. The von Neumann entropy is there-
fore indeed log2 6 on both sides of the peak. Now around
the peak, which is near U12 = �9J all the 12 configura-
tions become important and the von Neumann entropy
becomes log2 12. Carrying out Schmidt decomposition
reveals that the ground state is very close to a maximally
entangled states with 6 almost equal singular values for
U12 = �10J and U12 = �8J , and 12 almost equal singu-

FIG. 3. Entanglement and momentum distribution visibility
for two bosonic species on a lattice, with varying majority
species interactions, as a function of interspecies interactions.
(a) The von Neumann entropy of entanglement between the
two species, SvN computed with ED methods with periodic
boundary conditions for M = 6, N1 = M,N2 = M/3 and
U2 = 32J . (b) The visibility V1 of the momentum distribu-
tion peaks for the majority species 1 as a function of inter-
species interaction U12 for a lattice chain length M = 16 with
N1 = M,N2 = M/4 and U2 = 32J , computed using DMRG
calculations with MPS bond dimension D = 128 for a range
of U1 values. (c) The visibility of the momentum distribution
peak V2 of the impurity species 2 for the same parameters as
part b. (d) The visibility from mean-field calculations in a
homogeneous lattice using the bosonic Gutzwiller ansatz for
the same values of U1 and with M = 32.

In Fig. 3 we show the entanglement of the species 1 in
terms of the von Neumann entropy SvN as a function of
inter-species interaction from the ED results in Fig. 3a,
and the visibility profiles from the DMRG calculations
in Figs. 3b,c and mean field calculations in Fig. 3d. We
notice increase in entanglement and decrease in visibility
as the inter-species interaction U12 is increased from zero,
as was seen in the previous section for the system of two
bosons on an optical lattice. A change in U2 does not
have significant effect on the general entanglement or the
visibility profiles, so we fix the value to be U2 = 32J .

When the majority species 1 particles are non-
interacting (U1 = 0) they are delocalised at U12 = 0 and
we see a high visibility of the momentum peak at p = 0
in this case. When U12 is increased, we see the decrease
in the visibility, in a form that is largely familiar from
the two-particle case in the previous section.

For repulsive interactions between majority atoms, we
first look at U1 = 2J where the particles of species 1 are
still largely delocalised at U12 = 0 as they still are in
the superfluid regime of the single-species Bose-Hubbard
model. The finite U1 value, however, results in slight
decrease of the visibility V1. As U12 is increased from
zero we see similar behaviour for both the visibility and
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von Neumann entropy to that seen in the U1 = 0 case but
now taking U12 > 0 further reduces the delocalisation of
species 1 atoms. This leads to a small further decrease
of visibility compared with the non-interacting case, but
for U12 < 0 the decrease in visibility is correspondingly
less than the U1 = 0 case.

We see strong features of the many-body physics of
the majority species entering the dynamics as we fur-
ther increase U1, so that U1/J is larger than the crit-
ical value for the Superfluid-Mott Insulator transition.
For U1 = 8J we see that the visibility has a very differ-
ent shape, which is characteristic now of the behaviour
when the majority species is in a Mott Insulator regime
for U12 = 0. We see that the visibility V1 here has a
minimum at zero inter-species interaction. This can be
understood, because in the Mott Insulator the particles
are exponentially localised at each lattice site. This re-
sults in a broadening of their momentum distributions
and causes the dip in the height of the momentum peak.
For low inter-species interaction the particles from the
species 2 do not have sufficiently strong interactions to
excite species 1 atoms out of the Mott Insulator entirely,
but they do lead to some delocalisation through virtual
amplitudes to create such excitations. This can also be
seen in an increase of the von Neumann entropy. If we
look at the U1 = 8J line in Fig. 3(b) the subsequent local
maxima on the both sides of the minimum occurring at
U12 = 0 happen due the increase in U12 where the effect
of the presence of a second species becomes stronger. As
U12 becomes comparable to U1, the energy input due to
the presence of a species 2 particle disrupts the localized
phase as the energy penalty for having a double occupa-
tion of species 1 is comparable to the energy required to
put two particles from the different species on a single
site. Thus the species 1 particles begin to delocalise and
the visibility increases substantially. However further in-
creasing U12 imposes a restriction on this delocalisation
process which causes a drop in the visibility again.

The interplay between the different interaction param-
eters gives rise to some particularly interesting individual
features at particular points in parameter space, most no-
tably a surprisingly large increase in the value of the von
Neumann entropy that occurs for U1 = 2J at around
U12 = −9J , as can be seen in Fig. 3(a) (green line).
This happens due to drastic changes in the nature of the
ground states, and shows how sensitive this measure can
be to such structural changes, in a regime where this
cannot be detected via momentum distribution changes.
Around U12 = −10J it is energetically favourable to have
all the species 1 and species 2 particles at one single
site. In Fig. 3(a), this can happen in 6 possible ways
as we look at a 6 site system with periodic boundary
condition. On the other side of the peak-like structure,
around U12 = −8J , it is energetically favourable to have
the 2 of the species 2 particles on adjacent sites, and this
configuration can also achieved in 6 different ways. The
von Neumann entropy is therefore indeed log2 6 on both
sides of the peak. Now around the peak, which is near

U12 = −9J all the 12 configurations become important
and the von Neumann entropy becomes log2 12. Car-
rying out a Schmidt decomposition between the species
reveals that the ground state is very close to a maximally
entangled states with 6 almost equal singular values for
U12 = −10J and U12 = −8J , and 12 almost equal singu-
lar values for U12 = −9J . The other singular values are
suppressed by at least three orders of magnitude. Look-
ing at the energy levels of the composite system we can
also see that the lowest six levels are very close to each
other at U12 = −10J and U12 = −8J whereas there is an
avoided crossing with second lowest six levels at around
U12 = −9J .

For U1 = 32J the particles in species 1 are in the deep
Mott insulator regime and in the range of U12 that we
are looking at here the energy input in the system by
the presence of the particles of species 2 cannot affect
the Mott insulator as U12 is always much smaller than
U1. Since varying the interaction strength does not en-
tangle species 1 with the other the von Neumann entropy
stays at zero. The visibility of these highly site-localised
species 1 particles also stays constant at a very low value
which is even much smaller for the mean field treatment
as we can see in Fig. 3(d). This is because in mean field
treatment the spatial correlations in a Mott insulator are
exactly zero and in a numerically exact treatment they
fall exponentially with the distance in space.

In Fig. 4 we look more closely at visibility profile which
changes from going through a maximum at zero inter-
species interaction (for example, the U1 = 1.7J line in
Fig. 4(a)) to a minimum (for example, the U1 = 2.9J line
in Fig. 4(a)) as a function of the U1 value. Here we no-
tice the transition like feature which occurs in the regime
where particles become more localised, but note that it
occurs before the superfluid to Mott insulator phase tran-
sition in 1D, as it occurs at around U1 = 2J when com-
puted using DMRG.

B. Effects on the impurity species

In Fig. 5 we further investigate the effects on the im-
purity particles in the second species. As noted above,
the properties of these impurity particles depend strongly
on the many-body state of the species 1 particles and
therefore should be affected by the choice of U1 values,
allowing them to be used as probes for the physics of the
U1 particles. The visibility of species 2 as a function of
U12 in general has a peak around U12 = 0 that decreases
on each side. This peak-like structure starts broaden-
ing as we keep increasing U1 starting from U1 = 0. The
visibility profiles are quite similar to those seen in the
previous section for the system of two bosons on an op-
tical lattice in terms of the mechanisms that create a
maximum at U12 = 0 and a slower decrease for repulsive
U12. The value of the maximum visibility also follows
a similar trend as a function of U2 and falls sharply for
attractive U2 whereas it falls much slowly on the repul-
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lar values for U12 = �9J . The other singular values are
suppressed by at least three orders of magnitude. Look-
ing at the energy levels of the composite system we can
also see that the lowest six levels are very close to each
other at U12 = �10J and U12 = �8J whereas there is an
avoided crossing with second lowest six levels at around
U12 = �9J .

Another very interesting feature can be observed in the
contrasting nature of the visibility profiles as we keep in-
creasing U1 from 2J and go to, for example, U1 = 8J
where we see the visibility going through a minimum at
zero inter-species interaction. As species 1 is at unit fill-
ing and goes into a deep Mott insulator regime when U1

value is changed from 2J to 8J , the physical intuition
is that the particles become localised at the lattice sites.
This results in a broadening of their momentum distribu-
tion that causes the dip in the height of the momentum
peak. For low inter-species interaction the particles from
the species 2 do not have su�ciently strong e↵ect on
them to change their position in space which can be seen
in the entanglement picture also as the rise of von Neu-
mann entropy is much slower here than the U1 = 2J case
(FIG. 2(a)). Note that the critical value for a crossover
for species 1 from superfluid regime to Mott insulator
regime in 1D occurs at U1 = 3.37J which falls in be-
tween the U1 values we are looking at here. We therefore
study this region around U12 = 0 for suitable U1 values in
greater detail in the next paragraph. In mean field treat-
ment the phase transition occurs at U1 = 11.6J in 1D for
unit filling but our argument should still hold as U1 = 8J
would still favour a state with unity as site occupation
number. If we look at the U1 = 8J line in FIG. 2(b) the
subsequent local maximas on the both sides of the min-
imum occurring at U12 = 0 happen due the increase in
U12 where the e↵ect of the presence of a second species
becomes stronger. As U12 becomes comparable to U1,
the energy input due to the presence of a species 2 par-
ticle disrupts the localized phase as the energy penalty
for having a double occupation of species 1 is compa-
rable to the energy required to put two particles from
the di↵erent species on a single site. Thus the species 1
particles begin to delocalize and the visibility starts to
go up. However the increasing U12 imposes a restriction
on this delocalization process which causes a drop in the
visibility again.

For U1 = 32J the particles in species 1 are in the deep
Mott insulator regime and in the range of U12 that we
are looking at here the energy input in the system by the
presence of the particles of species 2 cannot a↵ect the
Mott insulator as U12 is always much smaller than U1

. Since varying the interaction strength does not entan-
gle species 1 with the other the von Neumann entropy
stays at zero. The visibility of these highly site-localised
species 1 particles also stays constant at a very low value
which is even much smaller for the mean field treatment
as we can see in FIG. 2(c). This is because in mean field
treatment the spatial correlations in a Mott insulators are
exactly zero and in a numerically exact treatment they
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FIG. 3. The visibility V1 of the species 1 as a function of inter-
species interaction U12 for a lattice chain length M where
N1 = M, N2 = M/4 and U1 = 32J . (a) shows the results
of DMRG calculations with M = 16 and bond dimension
D = 128. We fix U2 and look at di↵erent U1 values depicted
in the legend which are close to a critical value where one can
see a change in the behaviour of the visibility profile which
changes from going through a maxima for zero inter-species
interaction to a minima. In (b) we also show the results in
the same interaction parameter regimes carried out with mean
field calculations in a homogeneous lattice with M = 32 us-
ing Gutzwiller ansatz where the U1 values shown in the figure
which shows a di↵erent value of U1 where the characteris-
tic behaviour change occurs for systems with open boundary
conditions which is necessary for DMRG computations.

fall exponentially with the spatial distance. Therefore
when we take a Fourier transform of the spatial correla-
tions to get to the momentum distribution, in the mean
field treatment we should get zero and slightly larger val-
ues for the DMRG results which we see in terms of the
visibilities in FIG. 2(b).

In FIG. 3 we take a closer look at the transition-like
feature, namely the behaviour of the visibility profile
which changes from going through a maxima at zero
inter-species interaction (for example, the U1 = 1.7J line
in FIG. 3(a)) to a minima (for example, the U1 = 2.9J
line in FIG. 3(a)) for a certain critical U1 value. Here we
notice the transition like feature which is the character-
istic of a superfluid to Mott insulator phase transition in
1D occurring at around U1 = 2J when computed using
DMRG. However the same transition like behaviour oc-
curs at double of the previous value i.e. around U1 = 4J
in FIG. 3(b) which is a homogeneous mean field calcu-
lation that imposes a periodic boundary conditions on a
32 site system.

Now we move on to FIG. 4 where we mainly look at
the particles of the second species. The properties of
these impurity particles should depend strongly on the
many-body state of the species 1 particles and therefore
should be a↵ected by the choice of U1 values. The visibil-
ity of species 2 as a function of U12 in general has a peak
around U12 = 0 that dies down on both sides. This peak-
like structure starts broadening as we keep increasing U1

starting from zero. The visibility profiles are quite similar
to that seen in the previous section for the system of two
bosons on an optical lattice in terms of the mechanisms
that create a maximum at U12 = 0 and a slower decrease
for repulsive U12. The value of the maximum visibility
also follows similar trend as a function of U2 and falls

FIG. 4. The visibility V1 of the peak in the momentum dis-
tribution for the majority species 1, shown for different in-
teraction strengths of the majority species as a function of
inter-species interaction U12. (a) Calculations on a lattice of
length M = 16, with N1 = M,N2 = M/4 and U2 = 32J .
We fix U2 = 32J and look at U1 values somewhat less than
the critical point for the Mott Insulator to superfluid transi-
tion, (U/J)c ≈ 3.3. We see that the behaviour of the visi-
bility changes from going through a maximum for zero inter-
species interaction to a minimum. In (b) we show the re-
sults in the same interaction parameter regimes, carried out
with mean field calculations in a homogeneous lattice with
M = 32 using the bosonic Gutzwiller ansatz. As in a, we
chose N1 = M,N2 = M/4 and U2 = 32J .

sive side. This particular behaviour is seen in Fig. 3(c).
For very large and positive U1 values, however, we no-
tice some interesting features emerging that are reported
in the following paragraphs and Fig. 5(a), (b) and (d).
In Fig. 5(c) we show the visibility V1 of the species 1
for identical parameters, computed with DMRG calcula-
tions.

As for U1 = 32J and unit filling, species 1 particles are
in the deep Mott insulator regime. For U2 = 0 we expect
the impurities to behave similarly to free particles on a
modified lattice and as a result there is little entangle-
ment with species 1, causing a strong visibility around
U12 = 0. As U12 is increased, it eventually becomes ener-
getically favourable for the impurity particles to be found
together at one single lattice site and push out the species
1 particle, creating a hole in the Mott insulator. The im-
purity particles become localised in position space by the
species 1 particles through this process and therefore we
see a sharp rise in entanglement that results in a sudden
decrease in the visibility of species 2. The value of U12

at which this happens depends on the number of impu-
rity particles and expectedly we notice this value to be
U1/N2 in Fig. 5 as that would be the inter-species energy
required to have one species 1 particle and all the species
2 particles at the same site that would match the excita-
tion energy of the Mott insulator. Now on the attractive
side of U12 around the same magnitude (U1/N2) it also
becomes energetically favourable to create a hole in the
Mott insulator and to have all the impurity particles on
that neighbouring site of the hole where the species 1
particle has tunnelled to. Due to this similar localisation
the two species become highly entangled and the visibil-
ity V2 again falls drastically. For an infinite lattice system
(which is the case when one treats the problem in mean
field theory) this localisation process causes the visibility
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FIG. 4. The von Neumann entropy between the two species,
SvN is shown in (a) extracted from ED calculations (with
periodic boundary condition) for M = 6, N1 = M, N2 = M/3
and U1 = 32J . The visibility V2 of the species 2 as a function
of inter-species interaction U12 for a lattice chain length M =
16 and M = 32 is shown in (b) and (d) respectively where
N1 = M, N2 = M/4 and U1 = 32J . (b) shows the results of
DMRG calculations with bond dimension D = 128 for a range
of U2 values depicted in the legend. In (d) we also show the
results in the same interaction parameter regimes carried out
using mean field calculations in a homogeneous lattice with
Gutzwiller ansatz for the same values of U2. We report the
visibility V1 of the species 1 in (c) for identical parameters,
computed with DMRG calculations.

also follows similar trend as a function of U2 and falls
sharply for attractive U2 whereas falls much slowly on
the repulsive side. This particular behaviour is reported
in FIG. 2(c). For very large and positive U1 values how-
ever we notice some interesting features emerging that
are reported in the following paragraphs and FIG. 4(a),
(b) and (d). In FIG. 4(c) we report the visibility V1 of the
species 1 for identical parameters, computed with DMRG
calculations.

As U1 is increased to 32J species 1 particles are in the
deep Mott insulator regime as they also have unit filling.
Now for U2 = 0 the impurity particles cannot sense the
presence of each other and the presence of the Mott in-
sulator for small U12 e↵ectively only can create a small
change in the optical lattice potential uniformly at each
site. Therefore we basically expect the impurities to be-
have like free particles on a modified lattice and see them
almost not entangled at all to species 1, causing a strong
visibility that sustains on both sides of U12 = 0. As U12

becomes large enough on the positive side after a par-
ticular point it becomes energetically favourable for the
impurity particles to stay together at one single lattice
site and push out the species 1 particle to the neighbour-
ing site, thereby creating a hole in the Mott insulator.
The impurity particles get localised in position space by
the species 1 particles through this process and there-

fore we see a sharp rise in entanglement that results in
a sudden fall in the visibility of species 2. The value of
U12 at which this fall starts to happen depends on the
number of impurity particles and expectedly we notice
this value to be U1/N2 in FIG. 4. Now on the attrac-
tive side of U12 around the same magnitude (U1/N2) it
also becomes energetically favourable to create a hole in
the Mott insulator and to have all the impurity particles
on that neighbouring site of the hole where the species 1
particle has tunnelled to. Due to this similar localisation
the two species become highly entangled and the visibil-
ity V2 again fall drastically. For an infinite lattice system
(which is the case when one treats the problem in mean
field theory) this localisation process causes the visibility
to completely vanish, as shown in FIG. 4(d). For a finite
system (FIG. 4(b)) the visibility falls down and takes a
constant value and that value decrease as we increase the
system size.

Now for U2 = 2J the visibility at U12 = 0 will be
smaller than the previous case as the impurity particles
repulsively interact among themselves. This decrease in
height of the visibility persists as we increase U2 value
but not arbitrarily as we have discussed before. For small
values of U12 the visibility again stay unchanged and we
also see the same localisation e↵ect causing a drop in vis-
ibility at su�ciently high U12 as before. The magnitude
of U12 at which the drop happens increases with increase
in U2 as the repulsion between the impurity particles also
need to be overcome. We see this for U2 = 2J, 8J and
32J in FIG. 4(b).

For attractive U2 we expect the similar plateau-like
visibility profile but with much smaller value to start with
(at and around U12 = 0) and we see that in FIG. 4(b) for
U2 = �2J although the plateau-like structure is hardly
visible due to such small value of the peak. The value of
visibility (for all the profiles) after the drop tends to go to
1/M which is lower limit for the peak of a single particle
momentum distribution on a lattice with M sites (one
can think about two particles on a lattice with infinitely
strong inter-particle potential where the single particle
momentum distribution is completely flat in the ground
state).

IV. EFFECT OF THE SIZE OF THE
RESERVOIR

So far we have looked at setups where the impurity
particles and reservoir particles are on the same optical
lattice. Now for the next step we consider a single bosonic
impurity atom which is confined in an one-dimensional
optical lattice where it is allowed to tunnel to the neigh-
bouring lattice site. The optical lattice setup is immersed
in a much larger one-dimensional BEC. The BEC with-
out the coupling to the impurity atom can be described
by the mean field macroscopic condensate wave function
 (x, t) which obeys the Gross-Pitaevskii equation with a
repulsive density coupling. Now if the total length of the

FIG. 5. Entanglement and momentum distribution visibil-
ity for two bosonic species on a lattice, with varying impu-
rity species interactions, as a function of interspecies inter-
actions. (a) The von Neumann entropy of entanglement be-
tween the two species, SvN from ED calculations (with pe-
riodic boundary conditions) for M = 6, N1 = M,N2 = M/3
and U1 = 32J . (b) The visibility V2 of the peak in the momen-
tum distribution for the impurity species 2 as a function of
inter-species interaction U12 for a lattice chain length M = 16,
with N1 = M,N2 = M/4 and U1 = 32J . This is computed
from calculations with bond dimension D = 128 for a range
of U2 values depicted in the legend. (c) The visibility V1 of
the momentum distribution peak for species 1, with the same
parameters as in b. (d) The results in the same interaction
parameter regimes carried out using mean field calculations
in a homogeneous lattice with the bosonic Gutzwiller ansatz
for the same values of U2, but with M = 32.

to completely vanish, as shown in Fig. 5(d). For a finite
system (Fig. 5(b)) the visibility falls down and takes a
constant value and that value decreases as we increase
the system size.

Now for U2 = 2J the visibility at U12 = 0 will be
smaller than in the previous case as the impurity par-
ticles repulsively interact among themselves. This de-
crease in height of the visibility persists as we increase
the U2 value but not arbitrarily as we have discussed be-
fore. For small values of U12 the visibility again remains
unchanged and we also see the same localisation effect
causing a drop in visibility at sufficiently high U12 as be-
fore. The magnitude of U12 at which the drop happens
increases with increase in U2 as the repulsion between
the impurity particles also needs to be overcome. We see
this for U2 = 2J, 8J and 32J in Fig. 5(b).

For attractive U2 we expect a similar plateau-like vis-
ibility profile but with much smaller values to start with
(at and around U12 = 0) and we see that in Fig. 5(b) for
U2 = −2J , although the plateau-like structure is hardly
visible due to such small value of the peak. The value of
visibility (for all the profiles) after the drop tends to go
to 1/M which is the lower limit for the peak of a single
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FIG. 5. (a) Visibility of the impurity particle VB for UAB = 0
and UAB = 8J is shown here for di↵erent MB values while
increasing MA. We see for UAB = 8J , VB increases up to
a certain value of MA/MB following which it seems to stay
unchanged and close to 1 which is its value for UAB = 0. This
scaling factor MA/MB is found be around 3 as shown by the
red line in the right half of the figure. (b) The visibility of the
impurity particle VB for UAB = 8JA is shown here for di↵erent
MA/MB values while decreasing JB/JA. We see JB/JA =
10�3 is where the result matches with the result obtained
from calculations using the tunnelling term for the impurity
particle as a perturbation, shown by the black circles.. We
have taken MB = 5 for this calculation. In both (a) and (b)
we have used periodic boundary conditions on both lattice
systems for exact diagonalization.

the BEC is small enough we can still describe the BEC
by a mean field condensate wave function and find the
ground state solution (see Appendix B ). Then we again
look for the e↵ect of changing the impurity-BEC inter-
action strength on the visibility of the momentum dis-
tribution of the impurity atom. As the BEC is much
larger than the optical lattice, for repulsive interaction
the small changes in the strength does not change ground
state appreciably and we do not observe the visibility to
be a↵ected. In other words the visibility of the impurity
species hardly changes when we turn on the inter-species
interaction from zero to a small finite value.

To estimate the e↵ect the largeness of the BEC com-
pared to the lattice we first look at a simplified and dis-
crete version of this problem. We look at a system where
NA non-interacting particles can move in an optical lat-
tice with MA sites and only next neighbour tunneling is
allowed with a rate JA. We also include an impurity atom
that is only allowed to move in the central MB number
of sites (out of MA). The onsite interaction energy be-
tween the two species is UAB . We look for the e↵ect of
the ratio MB/MA on the visibility associated with the
impurity for di↵erent values of UAB . We first solve the
case where we only have two particles moving on this lat-
tice system, i.e. NA = 1. They are also taken to be of
same mass (we later discuss the e↵ect of having heavier
impurities) inducing same tunneling rate J for both par-
ticles. We can numerically diagonalize the two-particle
Hamiltonain,

H = �J
X

�=A,B;<i,j>

b†
�,ib�,j +

X

i

UABnA,inB,i . (10)

to find the normalized lowest energy state | i =

P
i=1,...,MA;j=1,...,MB

ci,j |iiA|jiB . We use periodic
boundary conditions on both lattice systems. The sin-
gle particle density matrix for the impurity species B is

hb†
i bjiB =

X

k=1,...,MA

c⇤k,ick,j , (11)

from which we can build up the momentum distribution

nB(q) =
1

MB

X

i,j=1,...,MB

eiq(i�j)hb†
i bjiB . (12)

We look at the maximum of the momentum distribution
as the visibility of the impurity species as before. As
we like to infer the e↵ect of the size di↵erences in MA

and MB and in particular to figure out the existence of
a possible scaling factor after which the growth of MA

cease to have an impact on the visibility for di↵erent
interaction, we look at the characteristic di↵erences in
visibilities VB (for species B) for UAB = 0 and UAB =
8J for increasing MA and for di↵erent MB values. As
seen in FIG. 5(a), VB increases steadily for smaller values
of MA for a given MB and following what looks like a
quite universal scaling factor MA/MB = 3 (red line in
FIG. 5(b)) stops increasing any more and becomes same
as what the visibility would be in the absence of any
interaction i.e. unity. This gives us an idea that if size
of the bigger lattice is at least three times the size of the
impurity lattice system the e↵ect of repulsive interaction
on its visibility becomes quite negligible.

Now we explore the e↵ect of having a heavier impurity
particle in the lattice system so that its tunneling rate JB

is smaller than JA. In particular we would like to find
out how small JB should be compared to JA so that we
can treat the tunnelling term for the impurity particles
in perturbation theory. In FIG. 5(b) we report the ex-
act diagonalization results where we plot the visibilities
for UAB = 8JA, denoted by VB , against MA/MB for de-
scending values of JB/JA. As we can see JB/JA = 10�3

is where the result matches with the perturbation theory
results which are shown by black circles.

V. CONCLUSION

FIG. 6. Effects of changing the relative lattice size or tun-
nelling amplitude for the impurity species and the majority
species. (a) The visibility of the momentum distribution peak
for a single impurity particle V2 for U12 = 8J , normalised to
the value for U12 = 0, and plotted for different M2 values
while increasing M1. We see that for U12 = 8J , V2 increases
up to the non-interacting value when M1/M2 is around 3. (b)
The visibility of the impurity particle V2 for U12 = 8J1 shown
for different M1/M2 values while also changing the relative
tunnelling J2/J1. We see that for J2/J1 = 10−3 the cal-
culation matches well with analytical calculations using the
tunnelling term for the impurity particle as a perturbation
(black circles). We have taken M2 = 5 for this calculation. In
both (a) and (b) we have used periodic boundary conditions
on both lattice systems for exact diagonalisation.

particle momentum distribution on a lattice with M sites
(one can think about two particles on a lattice with very
strong inter-particle interactions where the single particle
momentum distribution is completely flat in the ground
state).

V. EFFECT OF THE RESERVOIR SIZE

Up to now we have looked at strong effects of entan-
glement between the two species. For certain applica-
tions, however, we would also like to identify regimes
where this entanglement can be made small. Intuitively,
we would expect this to happen when we have a large
reservoir as the majority species and a few impurities.
To estimate the effect of the largeness of the reservoir
with non-interacting species, we can consider the two-
particle problem where the impurity species 2 is confined
to a small part of the lattice, with M2 lattice sites, as
opposed to the full length, M1, and we also allow for
different tunnelling rates for the two species.

In Fig. 6, we examine the solution to this problem,
and show the characteristic differences in visibilities as a
function of the ratio of the lattice sizes, and for different
tunnelling rates. As can be seen in Fig. 6(a), V2 increases
steadily for smaller values of M1 for a given M2 and after
M1/M2 = 3 reaches the value obtained in the absence of
interactions.

In Fig. 6(b), we explore the effect of having a heavier
impurity particle in the lattice system so that its tun-
nelling rate J2 is smaller than J1. In particular, we would
like to find out how small J2 should be compared to J1,
so that we can treat the tunnelling term for the impu-

rity particles in perturbation theory. We can solve the
two-particle problem perturbatively, in the limit of small
J2/J1, and also numerically. Fig. 6(b) shows the corre-
sponding visibilities, V2, as solid lines found with exact
diagonalisation, against M1/M2 for descending values of
J2/J1. For J2/J1 = 10−3 we observe good agreement
with results from perturbation theory.

We see that, consistent with our expectations, increas-
ing the overall size of the majority species lattice while
restricting to U12 > 0 rapidly achieves a regime where
the entanglement and the effects on the visibility both
become small. This effect is interestingly enhanced for
equal interactions, and heavy impurities require a larger
lattice for the majority species to reach the same regime.

VI. SUMMARY AND OUTLOOK

In this article we have investigated the many-body en-
tanglement between two bosonic species in an optical lat-
tice. We obtain signatures of many-body behaviour of
the majority species in the mutual effects of the probe
and the impurity species, especially on their momentum
distribution. This could be used as a direct probe of the
majority species, either by observation of the impurity
atoms or by observation of their effects on the majority
species. We have also identified regimes where the en-
tanglement is small, which would be useful in more com-
plex probe experiments [8, 43]. The interspecies entangle-
ment could also be directly measured using interference
techniques with multiple copies of the state in a quan-
tum gas microscope, alternately performing the scheme
of Refs. [50, 52–54] for one or both atomic species.
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Appendix A: Solution for two particles on a lattice

Here we provide further details of the derivation of
results for two particles on a lattice, from Sec. III. The
coefficients of the state can be written (by separating into
centre of mass and relative coordinates) as

ψ(x, y) =

√
1

M
eiKRψK(r) , (A1)

where the total number of sites, M = 2L+1. With rede-
fined effective tunnelling rate for the relative coordinate
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JK = 2J cos (K/2) and K-mode energy EK we now have

− JK (ψK(r + 1) + ψK(r − 1)− 2ψK(r)) + Uδr,0ψK(r)

= EKψK(r) . (A2)

In the attractive case (U < 0) the condition for a
bound solution is (EK − 4J) < −2JK . Using normal-
ization conditions and the inductive nature of Eq. (A2)
we can obtain the relative wavefunction for the lowest
energy bound state. If we think of Eq. (A2) as an equa-
tion describing a single particle on a lattice with indices
running from −L to L then we obtain the following nor-
malized wavefunction (for p = 0 since we are looking for
the lowest energy state),

ψ(r) =

√
1− e−2q

1 + e−2q − 2e−q(M+1)
e−q|r| , (A3)

where q is real and is the solution of cos (iq) =
(4J − E) /4J and the bound state energy E =

−
√
U2
12 + 16J2 + 4J .

In the repulsive case (U12 > 0) the lowest energy state
can be computed making use of the periodic boundary
condition along with the assumption that the wavefunc-
tion reaches maximum at the boundaries. The normal-
ized relative wavefunction is

ψ(r) =

{
Aeikr +Ae−i2kLe−ikr : r ≤ 0
Ae−i2kLeikr +Ae−ikr : r > 0

, (A4)

where A = (2(M + cos (2kL) + 2Re((e−i(M+1)k −
e−i2Mk)/(1 − e−i2k))−1/2 and k is given by
tan (kL+ π/2) + (4J/U12) sin k = 0. The ground
state energy E = 4J(1− cos k).

Now we can also look at the limiting values of the sin-
gle particle von Neumann entropy SvN = −tr(ρ1log2ρ1)
where ρ1 is the single particle reduced density matrix.
For the attractive case, as U12 → −∞, we have eq → 0
and ψ(x, y) →

√
1/Mδx,y. Therefore we can show

SvN → log2M . For the repulsive case as U12/J →∞, we

have k → π/2L and ψ(x, y) →
√

1/M sin (π|x− y|/2L).
In this case we have

SvN

→ −
∑

x,x′

(
1

M

∑

y

sin (k|x− y|) sin (k|x′ − y|)
)

log2

(
1

M

∑

y

sin (k|x− y|) sin (k|x′ − y|)
)
. (A5)

This is the same as the limiting result shown in Fig. 2.
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